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STUDY OF A PURSUIT DIFFERENTIAL GAME PROBLEM 
WITH A PURSUER AND MANY EVADERS

1 2
Abbas Ja'afaru Badakaya and Aliyu Ibrahim Kiri

1,2Department of Mathematical Sciences, Bayero University, Kano, Nigeria
E-mail addresses: ajbadakaya.mth@buk.edu.ng and badakaya@yahoo.com

Abstract
Abstract: This paper is concern with the study of a pursuit differential game with one pursuer and many 

n evaders in the space R . In the game, players move according to certain first-order differential 
equations with integral constraints on control functions of the players. Pursuit is said to be completed 
if the geometric position of the pursuer coincides with that of each of the evader for some finite times. A 
theorem that provides sufficient conditions for completion of pursuit is formulated and proved. 
Moreover, pursuer's admissible strategy that ensures completion of pursuit is constructed. 

Keywords: Differential games; Pursuer; Evader; Integral constraints. 

Introduction
Ivanov and Ledyaev in [12] investigated a simple There is a sizable literature on pursuit differential 
motion differential game of several players with games with multiple players. A sample of 

ngeometric constraints in the space Rliterature on this type of study is the collection of 
works [1]-[18] and some references therein. 

Ibragimov and Satimov [7] studied a simple 
Most of these cited works are dedicated to 

motion differential game of many pursuer and 
problems with simple motions differential game. nmany evaders on a nonempty convex subset of R
For example, in the works [1]-[6]; [8]-[10] and 

The result obtained was a sufficient condition for 
[13]-[15] considered simple motion pursuit 

completion of pursuit. Specifically, they 
differential games with a finite number of 

consider a pursuit problem in which motion of 
pursuers and one evader. Problem with a finite 

the players is described by the equations 
number of pursuers and many evaders are 
investigated in [7]; [16] and [18]. The former 
group of examples seem to be dominant in the 
literature.

 where it is required that

1 
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A pursuit differential games with one pursuer and one after the other. This study affirmed that the 
n  R where integral constraint on each control predator can accomplish its mission provided 

function of the player is considered. Sufficient that the condition stated in the theorem is 
condition for the single pursuer to complete satisfied.
pursuit in finite time, is obtained. This condition 
requires that the energy of the pursuer to be Finding optimal pursuit time for the problem 
bigger than the sum of the energies of the studied in this paper can be a potential further 
evaders. The real life situational example of this, research. Moreover, the problem can be studied 
is a problem of single predator that runs after in the Hilbert space 
multiple preys with mission to kill all the preys 
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ON THE FLOW OF RADIATIVE POROUS MEDIA OF AN 
ELECTRICALLY CONDUCTING FLUID (MHD) IN THE 
PRESENCE OF SLIP AND CONVECTIVE BOUNDARY 

CONDITIONS 
1 2 3 

Bashiru Abdullahi , Isah Bala Yabo , Ibrahim Sa'idu

1 Department of Mathematics and Statistics Abdu Gusau Polytechnic, Talata Mafara.
2 Department of Mathematics Usmanu Danfodiyo University, Sokoto.

3 Department of Information and Technology Usmanu Danfodiyo University, Sokoto.

Abstract
The influence of slip and convective boundary conditions in the presence of thermal radiation through parallel 

porous plates was deliberated analytically and numerical. A non-linear Roseland approximation was used to 

describe the radiative heat flux in the energy equation where the magnetic field is combined in the momentum 

equation. The solution of the governing differential equation that described the flow was solved using the 

Perturbation method in order to obtain the analytical solution which was used to confirm the validity of the 

numerical solution. The finite difference method was employed to find the numerical solution to the governing 

equations. Equations that represent the velocity, temperature, skin friction, and Nusselt number are obtained 

and their behaviors are discussed with help of line graphs. The results obtained show that suction/injection, slip 

velocity and convective boundary conditions play important role in changing the behavior of velocity, 

temperature, skin friction and Nusselt number. 

Keywords: Convective boundary condition, Porous media, Magnetohydrodynamic (MHD), Slip parameter, 
Thermal radiation.

and increasing Prandtl number but both enlarged Introduction 
the rate of heat transfer. Other researchers that The study of fluid flow through porous walls is a 
talked about the effect of suction and injection very significant branch of fluid mechanics. The 
include: (Jha et al. 2016, Goyal and Rathore impact of suction and or injection is one of the 
2017, Jha et al.(2018), Sasikumar and renowned present-day topics of research. 
Govindorajan 2018, Hamza 2019, Ighoroje et al. However, in the plan of updraft oil retrieval and 
2019, Jitender et al. 2019, Rehman et al. 2019, radial diffusers, suction is used. Suction is also 
Upreti et al. 2020)functional to chemical procedures to confiscate 
Fluid slip boundary condition arises in several reactants and injection is useful in adding 
practices such as in Nano-channels and it is used reactants, cool the surface, stop corrosion or 
where a thin film of light oil is attached to the scaling and decrease the drag.  Considering the 
moving channels or when the surface is covered application MHD flow through pours medium, 
with special coatings such as a thick monolayer in the areas of engineering technology, in recent 
of hydrophobic octadecyl trichlorosilane. Slip time many authors researched the related topic. 
boundary conditions are also applied in the Uwanta and Hamza (2014) conducted research 
polishing of artificial heart valves and internal on the influence of porous medium on Unsteady 
cavities, fluid motion within the human body, Hydromagnetic convective flow of Reactive 
etc. Many researchers, considering the viscous fluid between vertical porous plates with 
application of slip velocity in science and thermal diffusion. In the findings it was revealed 
technology researched its effect on MHD that the establishment of the least flow takes 
(Venkateswarlu et al. 2016, Gnaneswa 2017, place close the wall where suction happens, 
Mohamed and Ahmed 2018, Ellahi et al. 2018, while the extreme flow forms near the wall 
Manjula and Jayalakshmi 2018, Nandal and where the injection occurs. Feng et al. (2015) 
Kumari 2019, Mohammad et al. 2020) analyzed the consequence of drag Force and 
Thermal radiation continues have a great fluid flow within porous channels on a 
upshot on MHD flow and heat transfer chemically reactive MHD flow and found that 
problems. For instance, at high functioning the channel hotness declined for fluid suction 

7 
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temperatures, the radiation effect can be quite processes (transpiration, cooling process, and 
significant. Dulal and Babulal (2013) stated material drying). Therefore, numerous scholars 
that many processes in manufacturing areas have revealed their concern in finding solutions 
such as Atomic power plants, and the various of problems on MHD fluids flow due to 
impulsion devices for aircraft, missiles, and convective boundary conditions (Wubshet 2016, 
space vehicles, thermal radiation consequence Siti et al. 2017, Yahaya et al. 2018)   
becomes very imperative. Considering the Motivated by the significance of slip and 
sway of thermal radiation on MHD several convective boundary conditions on the flow of 
authors researched on the subject matter (Misra MHD in science and engineering, the present 
and Sinha 2013, Kalidas 2014, Mohammad et work is aimed at extending the work of Isah et 
al. 2014, Kho et al.2018, Isah et al. 2018) al. (2018) to incorporate slip and convective 
Boundary conditions with convective behavior boundary conditions  and to investigate their 
are useful in many manufacturing and industrial influences.

8 
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Introduction reaction is assumed to be proportional to the 
The dynamic response of structures subjected to vertical displacement of the foundation at the 
moving Load is an interesting study area in same point and consequently. The Winkler model 
structural dynamic which has its application in does not accurately represent the characteristics 
several fields such as Applied Mathematics, of practical foundation soils and the predictions 
Engineering and Applied Physics. A large as observed in Lev Khazanovich (2003) exhibit 
number of studies have been devoted by many discrepancies. One of the most important 
researchers, to this subject matter for example deficiencies of Winkler model is that it assumes 
Fryba L. (1972) worked on the vibration of solids no interaction between the adjacent springs and 
and structures under moving Load,  Gbadeyan thus neglects the vertical shearing stress that 
J.A. and Oni S.T, (1995) investigated the occurs within subgrade materials. In addition, a 
dynamic behaviours of beams and rectangular displacement discontinuity appears between the 
plates under moving Loads and in 2007, loaded and the unloaded part of the foundation 
Gbadeyan J.A and Dada M.S. studied the effect surface but, in reality, the soil surface does not 
of linearly varying distributed moving Loads on show any discontinuity. In order to address the 
Beam. None of the aforementioned researcher deficiencies of Winkler foundation model, a 
above incorporated damping mechanism into more realistic elastic foundation model, Bi-
their mathematical models. Also in all these parametric, known as Pasternak foundation 
studies, a number of foundation models having model, which considers the continuity of the 
various degree of sophistication have been used surface displacement beyond the region of the 
to capture the complex behaviour of the soil. The load is considered in this study. 
simplest model for the soil is the one-parameter Furthermore, it is noted that, in most of the 
Winkler model. In this model, the foundation investigations available in literature, the problem 
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of assessing the dynamic behaviour of structural over the entire length of the structural member 
members carrying moving loads has been they traverse. This paper attempts to discuss the 
restricted to the case in which the moving loads vibration analysis of damped structure resting on 
are simplified as moving concentrated forces. Pasternak foundation under the influence of a 
However, in practice, it is well known that loads distributed moving load.
are actually distributed over a small segment or 
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Abstract
Many new definitions of fractional order derivatives have been proposed and used to develop and 
analyze mathematical models for a wide variety of real-life problems. The advantages of memory, 
history, or nonlocal effects of fractional order derivatives motivated this research work. Therefore, in 
this paper, we extended mathematical models that were based on integer order derivatives to fractional 
order derivatives; we formulate and analyzed a fractional mathematical modelling of dynamics of 
Ebola epidemic which includes both vaccination and quarantine via Caputo order derivatives. The 
existence and uniqueness of the solution of proposed FODE are established through the fixed point 
theory. The numerical results and simulations of the extended fractional order mathematical model 
where explored in Caputo sense. 
. 
Keywords: Caputo fractional order derivative; fractional differential equation; Ebola Virus; fixed 
point theory.

Introduction nonhuman primates. (Dowell et al., 1999) and 
Ebola virus causes hazardous hemorrhagic fever (Peters et al., 2002) .
in humans and non-human primates like, The use of mathematical equations and formula 
chimpanzees, gorillas, fruit bats, monkeys and to represent real life problems via mathematical 
forest antelope. It is extremely communicable models by Scientists/researchers solved and 
leading to a death rate of up to approximately made remarkable prediction based on the 
87% (Chowell et al., 2009). This virus was first solutions obtained from the problems. 
identified in 1976 in a place called Nzara and Epidemiologists (scientists that study infectious 
Sudan and later found in a village near a river diseases) have played a vital role in investigating 
called Ebola from which the name has been the transmission dynamics of some of these 
initiated. The Transmission of Ebola virus can diseases and have been able to come up with 
spread from human to human via direct contact recommendations for different intervention 
with the blood and body fluids such as saliva, strategies which have helped to control the 
mucus, vomit, sweat, tears, breast milk, urine spread of some of these diseases.
and semen of a person who has been affected by Many researches of nowadays have extended 
the disease. Apart from this transmission the mathematical models that were based on integer 
virus can also be spread from animals to human order derivatives to fractional order derivatives 
beings. Ebola is characterized by initial -flu like in almost all areas as physics, engineering, 
symptoms including fever, fatique, sore throat, biological sciences, finance, economics and 
muscle pain, headache and vomiting. other related areas. Therefore, fractional calculus 
As of October 8, 2014, the World Health is now an area where so many researches are 
Organization (WHO) reported 4656 cases of being carried out. Sania et al., (2019) claimed 
Ebola virus deaths, with most cases occurring in that among the main motives of using the 
Liberia (Lewnard et al., 2014). The extremely fractional-order operators is their nature of non-
rapid increase of the disease and the high locality which offers an infinite degree of 
mortality rate make this virus a major problem freedom that enables selection of suitable values 
for public health. Ebola is transmitted through for the fractional-order parameter that leads to 
direct contact with blood, bodily secretions and more accurate results than their classical 
tissues of infected ill or dead humans and counterparts. Diethelm, (2013) was of the view 
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that fractional derivatives can provide a better (2019), Musiliu et al.,  (2019), Musiliu et al.,  
agreement between measured and simulated data (2019), Kolade et al.,  (2019), Sania et al.,  
than the classical derivatives. Eric et al., (2016) (2019), Ilknur, (2019), Abdon et al.,  (2019), 
added that fractional derivatives have special Zafar et al.,  (2020), to mention but few. 
characteristics of memory effect that depends not Therefore the novel of this work is to extend the 
only upon its current state but also upon all of its work of Thomas, Boping and Zunyou, (2017) 
historical states which does not apply to classical which is a classical mathematical model of Ebola 
derivatives. In support of this notion Musiliu et epidemics to a fractional order mathematical 
al.,  (2019) affirmed that the memory effect is model of Caputo type and carry out its numerical 
very important during biological processes more computation and simulations.
specifically, the growth of an epidemic process 
which is directly associated with the individuals' 
experiences, which takes place over a period of Fractional Differential Equations
time. In fact, the real epidemic process is Fractional Calculus is one of the branches of 
obviously sustained by heredity properties and mathematics that investigate the properties of 
the memory effects perform a critical role in the integrals and derivatives of non – integer orders 
subsequent spread of infection. These additional which involves the notion and methods of 
properties increase the accuracy and reliability of solving the differential equations that involves 
fractional order systems than the other ordinary fractional derivatives of the unknown function. 
systems. There are three important definitions of 
Many researches prove the above assertions. fractional differential equations; they are the 
These include but not limited to Diethelm, Riemann-Liouville, the  Grunwald-Letnikov, 
(2013); Eric et al.,  (2016), Nur 'Izzati et al., and the Caputo definitions. We shall discuss the 
(2018), Rashid et al.,  (2019), Amin et al., derivations of these methods one after the other.
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Abstract
This paper considers the formulation of a ninth order (k=8) block implicit   Adams's Moulton methods 
for the solution of stiff and non-stiff first order Ordinary differential Equations (ODE).We applied the  
methods of interpolation and collocation procedures to generate the continuous formula, which was 
evaluated at the grid points. The procedure yields eight discrete schemes which are combined to form 
the block method. The new method (k=8) is found to be of order 9. The method is consistent and zero-
stable, hence convergent. Numerical experiments carried out on the new method shows that 
implementation in block form converges faster to exact solution with minimal error. Also the results 
obtained using the block form show that the new method performed better than existing methods.

Keywords: Grid, Implict, Stiff, Block methods, Convergence, Adams-Moulton, consistent
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Abstract

This paper formulates and analyze non integer derivatives of cholera dynamics model, the fractional-

order differential equation (FODE) is devised via the Caputo-fabrizio  fractional order derivative. The 

existence and uniqueness of the solution of proposed FODE model are examined through the fixed 

point theory and an iterative method. The model  disease-free and an endemic equilibrium point is 

detemined. The Conditions for the existence of the endemic equilibrium point and for the local 

asymptotic stability of the disease-free equilibrium point were derived. Its shows that the disease-free 

equilibrium point is gradationally stable as the fractional order is decreased. Finally, the numerical 

simulations for a range of fractional order at different values of alpha in  all state variables were 

comfirmed.
. 

Keywords: Caputo–Fabrizio fractional order derivative; cholera epidemic model; Non-singularity; 
fixed-point theorem and an iterative method.

Introduction fluid and electrolytes and severe dehydration, 

The disease of dirty hands/environment is vomiting, leg cramps and if untreated, it leads to 

usually charactirize as Cholera. It is an infection rapid dehydration, acidosis, circulatory collapse 

of the small intestine caused by some strains of and death within 12–24 hr [2, 9]. 
Cholera can either be transmitted through the bacteria called vibrio cholerae. Symptoms 
interaction between humans or through may not show up, but when one notices high 
interaction between humans and their dehydration of the infected person through 
environment (i.e., ingestion of contaminated watery diarrhea that lasts a few days. This may 
water and food from the environment). results in sunken eyes, cold skin, decreased skin 
Vaccination has been a commonly used method elasticity, and wrinkling of the hand and feet. 
for diseases control and works by reducing the Although it is classified as a pandemic since 
number of susceptible individuals in a 2010, it is rare in developed countries. Children 
population [10]. Cholera involves multiple are mostly affected especially in Africa and 
interactions between the human host, the Southeast Asia, in some areas where access to 
pathogen, and the environment [10], which treatment is unavailable. Vibrio Cholerae can 
contribute to both direct human-to-human and survive in some aquatic environment for more 
indirect environment to-human transmission. than three months up to two years living in 
Due to its huge impact on public health, and association with zoo-plankton, phytoplankton 
social and economic development, cholera has and  the  aqua t ic  o rganisms  such  as  
been the subject of extensive studies in clinical, bacteriophages. The Vibrio cholerae have the 
experimental and theoretical fields. It remains an ability to colonize the hosts small intestine.
important global cause of mortality and causing 

Cholera is an epidemic infectious disease caused 
periodic epidemic disease [11]. Cholera affects 3 

by the ingestion of food or water contaminated 
–5 million people and causes 100,000 –130,000 

with the bacterium vibrio cholera. It is 
deaths in the world annually and it remains a 

characterized by watery diarrhea, extreme loss of 
global threat to public health and a key indicator 
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of lack of social development [12, 14]. Modern defined using an exponential decay law, and the 
sewage and water treatment have virtually Atangana–Baleanu derivative is defined using a 
eliminated cholera in industrialized countries. Mittag–Leffler law. Examples of the applications 
The last major outbreak in the United States of the new fractional operators to real world 
occurred in 1911 [12]. But cholera is still present problems have been given in a number of recent 
in Africa, Southeast Asia and Haiti [14]. Many papers. For example, Tateishi et al. [24] have 
cholera epidemic models have been proposed to compared the classical and new fractional time-
predict and control the spread of the disease (see, derivatives in a study of anomalous diffusion. 
e.g., [2,12-14] and the references cited therein). Also, Atangana et al. have compared the 
Mathematical model and simulation is a practical Caputo–Fabrizio fractional derivative and the 
essential tool that helps us to improve our Atangana–Baleanu fractional derivative in 
understanding of the real world [16]. It can help modeling fractional delay differential equations 
to determine the characteristics and magnitude of [29] and in modeling chaotic systems [29]. They 
epidemic disease transmission, to predict its found that the power law derivative of the 
outbreak and to see which parameters are more Riemann–Liouville fractional derivative or the 
influential in the dynamics of the disease Caputo–Fabrizio fractional derivative provides 
In recent decades, many physical problems have noisy information due to its specific memory 
been modeled using the fractional calculus. The properties. However, the Caputo–Fabrizio 
main reasons given for using fractional fractional derivative gives less noise than the 
derivative models are that many systems show power law one while the Atangana–Baleanu 
memory, history, or nonlocal effects, which can fractional derivative provides an excellent 
be difficult to model using integer order description. 
derivatives. The basic theory and applications of In this study, The existence and uniqueness of the 
fractional calculus and fractional differential solution of the fractional model of a cholera 
equations can now be found in many studies (see, epidemic that includes an environment 
e.g., [15–19]). Although most of the early studies compartment are established using fixed-point 
were based on the use of the Riemann–Liouville theory and an i terat ive method,  via 
fractional order derivative or the Caputo Caputo–Fabrizio fractional order derivative with 
fractional order derivative, it has been pointed an exponential decay kernel to a cholera 
out recently that these derivatives have the epidemic model .
problem that their kernels have a singularity that 
occurs at the end point of an interval of Preparatory of fractional order model
definition. As a result, many new definitions of Recently, Caputo and Fabrizio [22] developed a 
fractional derivatives have now been proposed in new fractional order derivative without any 
the literature (see, e.g., [20–28]). The singularity in its kernel which accurately 
fundamental differences among the fractional describe the memory effect in a real life problem. 
derivatives are their different kernels which can The kernel of the new fractional derivative has 
be selected to meet the requirements of different the form of an exponential function. More 
applications. For example, the main differences recently, Losada and Nieto [23] derived the 
between the Caputo fractional derivative [16], fractional integral associated with the new 
the Caputo–Fabrizio derivative [22], and the fractional Caputo–Fabrizio fractional derivative.
Atangana– Baleanu fractional derivative [30] are Now, let us summarize the definitions and 
that the Caputo derivative is defined using a properties for the Caputo–Fabrizio (CF) 
power law, the Caputo–Fabrizio derivative is fractional operators as follows.
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Abstract
In the theory of statistical analysis, it is indisputable to state that the flexibility of statistical 
distributions are enhanced through the addition of extra parameter(s). Several methods have been 
introduced in literature. Nevertheless, not all methods are suitable to enhance the flexibility of existing 
models.In this paper, we present a comparative study on the alpha power family of distributions. More 
specifically, the Weibull, log-logistic, Bur II, power4Lindley, Gompertz distributions, and their 
corresponding alpha power transformed versions are studied. Some of the mathematical properties of 
the distributions are discussed and three real data sets were used to examine the effect of the extra 
parameter in the alpha power transformed method on the baseline distributions.

Keywords: Alpha power transformation; Hazard rate function; Quantile; Moments

the usefulness of these methods in improving the Introduction

flexibility of existing lifetime distributions. Generalization of classical lifetime distributions 

However, it is imperative to note that some of have become a significant interest among 

these methods are not suitable for certain lifetime statisticians due to their usefulness in statistical 

distributions.analysis of real-world phenomena. Over 

In this paper, we are motivated to conduct a decades, several methodologies have been 

comparative study on the alpha-power introduced to add extra parameter(s) to existing 

transformed family of distributions developed models with the sole aim of increasing their 

by Mahdavi and Kundu (2017). Primarily, we performance and flexibility in real-life data 

investigate the effect of the “α-parameter” on fittings. Included among the methodologies are; 

some classical lifetime distributions. The the exponentiated Weibull  family of 

remaining sections of the paper are structured as distributions introduced by Mudholka and 

follows: Section 2 presents the alpha-power Srivastava (1993), the beta-generated family of 

transformed method and a brief review of some distributions due to Eugene et al. (2002), the 

generalized lifetime distributions based on the Marshall-Olkin extended family of distributions 

alpha-power transformed frame work. In Section developed by Marshall and Olkin (2007), the 

3, we applied the generalized lifetime transmuted-G family of distributions introduced 

distributions to fit three real data sets in other to by Shaw and Buckley (2009), the Weibull-G 

examine the effect of the “α-parameter” on the family of  dis tr ibut ions proposed by 

generalized lifetime distributions. Section 4 Bourguignon et al. (2014), Kumaraswamy-G 

concludes the paper.family of distributions due to Cordeiro and de 

Castro (2011), the Topp-Leone generated family The Alpha-Power Transformed Family of 
of distributions proposed by Al-Shomraniet al. Distributions
(2016), the alpha-power poisson-G family of Mahdavi and Kundu (2017) have introduced a 
distributions developed by Jemilohun and novel method of adding an extra parameter to an 
Ipinyomi (2022), etc. existing lifetime distribution. Suppose F(x) is the 
Recent research study has shown in many cases 
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cumulative distribution function, (cdf) of a Kundu (2017) defined the alpha-power 

continuous random variable X following a transformation of F(x) for x ∈R as

known lifetime distribution, Mahdavi and 

(1)

The probability density function (pdf) associated to (1) is obtained as

(2)

(3)

and

(4)

(5)

The following subsections is dedicated to a brief review of some generalized lifetime distributions 
arising from (1) and (2).

The Alpha-Power Weibull Distribution (APWD)
Let F(x) be the cdf of a two-parameter Weibull random variable X. Nassar et al. (2017) introduced 
the alpha-power Weibull distribution with the cdf and pdf respectively defined as 

The survival and hazard rate functions of the APW distribution are respectively obtained from (1) and (2) as

(6)
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Mathematical properties such as quantile, The Alpha-Power Transformed Log-Logistic 
moments, entropy, order statistics, mean residual Distribution (APTLLD)
life function and stress-strength parameter were Suppose X is a random variable following the 
also obtained. The maximum likelihood method log-logistic distribution with cdf and pdf defined 
was employed to estimate the unknown as
parameters and two real data sets were used to 
demonstrate the importance of the APW 
distribution in real-life data fitting.

(7)

and (8)

Aldahlan (2020) developed the alpha-power transformed log-logistic (APTLL) distribution by inserting (7) 
and (8) into (1) and (2), yielding

(9)

and

(10)

(9) and (10) respectively represent the cdf and pdf of the alpha-power transformed log-logistic (APTLL) 
distribution. From (9) and (10), the survival function and the hazard rate function of the APTLL distribution are 
given respectively as

(11)
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and

(12)

Other mathematical properties which include, the quantile, moments, probability weighted moments (PWMs), 
Renyi entropy, order statistics were derived. As a way of illustrating the flexibility of the APTLL distribution, 
one data set was used in data fittings. Although, the author compared the result of APTLL distribution with other 
non-nested models, the result of the log-logistic distribution which is apparently the baseline distribution of the 
proposed APTLL distribution was omitted.

The Alpha-Power Transformed Extended Bur II Distribution (APTEBIID)
Ogunde et al. (2020) introduced a new three parameter generalized Bur II distribution based on the alpha-power 
transformed method. By inserting the cdf and pdf of the Bur II distribution into (1) and (2), the authors obtained 
the cdf of the alpha-power transformed extended Bur II distribution as

(13)

and the corresponding pdf associated with (13) is defined as

The survival and hazard rate functions of the APTEBII distribution are respectively obtained as

(15)
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and

(16)

Mathematical expressions for the quantile, moments, moment generating function, Renyi entropy, order 
statistics were derived. The maximum likelihood estimation method was employed to estimate the parameter of 
the APTEBII distribution and two real data sets were used to illustrate the applicability of the model.

The Alpha-Power Transformed Power Lindley Distribution (APTPLD)
Ghitanyet al. (2013) introduced an extension of the one-parameter Lindley distribution proposed by Lindley 
(1958). They defined the cdf and pdf of the power Lindley (PL) distribution respectively as

(17) 

and

(18) 

By inserting (17) and (18) into (1) and (2), Hassan et al. (2019) developed the alpha-power transformed 
power Lindley (APTPL) distribution with cdf defined as

(19) 

and the associated density function given by

(20)
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The survival function and the hazard rate function of the APTPL distribution are given, respectively as 
follows

(21)

and

(22)

The authors presented a detailed study on the mathematical properties of the APTPL distribution. These include; 
the quantile, moments, moment generating function, probability weighted moments, incomplete moments, 
Bonferroni and Lorenz curves, Renyi entropy, and stochastic ordering. Four different methods of parameter 
estimation which include; the maximum likelihood, maximum product spacing, least square and weighted least 
square estimators were employed to estimate the unknown parameters of the APTPL distribution. The potential 
of the APTPL distribution in real life data fitting was demonstrated using two data sets.

The Alpha-Power Gompertz Distribution (APGD)
Let X be a continuous random variable following the Gompertz distribution, then the cdf and pdf of X are 
defined, respectively as

(23)

and

(24)

Eghwerido et al. (2020) utilized (23) as the baseline distribution in (1) to develop the alpha power Gompertz 
(APG) distribution. The cdf of the APG distribution is given as

(25)
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and the pdf given by

The survival function and hazard rate function of the APG distribution can be obtained respectively as

(27)

and

(28)

Other mathematical properties studied by the authors include; the quantile, moments, probability weighted 
moments, moment generating function, entropy, moments of residuals and reverse residual life function, and 
order statistics. The maximum likelihood estimation method was employed to estimate the unknown parameters 
of the APG distribution. The flexibility of the APG distribution was analysed by means of two real data sets.

Data Analysis

In this Section, we fit three data sets using the Weibull distribution (WD), log-logistic distribution (LLD), 
Bur II distribution (BIID), power Lindley distribution (PLD), Gompertz distribution (GD) and their 
corresponding alpha-power transformed versions.
Data set 1:
The first data set consist of uncensored data reported in Nicholas and Padgett (2006) on the breaking stress of 
carbon fibers (in Gba). The data are given below: 3.70, 2.74, 2.73, 2.50,
3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 3.56, 4.42, 2.41, 3.19, 3.22, 1.69, 3.28, 3.09, 1.87, 3.15, 4.90, 1.57, 2.67, 

2.93, 3.22, 3.39, 2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 2.85, 1.25, 4.38, 1.84, 0.39, 3.68,
2.48, 0.85, 1.61, 2.79, 4.70, 2.03, 1.89, 2.88, 2.82, 2.05, 3.65, 3.75, 2.43, 2.95, 2.97, 3.39, 2.96,
2.35, 2.55, 2.59, 2.03, 1.61, 2.12, 3.15, 1.08, 2.56, 1.80, 2.53.
Data set 2:
The second data set represents the waiting times (in minutes) before service of 100 bank customers. 
Ghitanyet al. (2008) used the data set to illustrate the flexibility of the Lindley distribution over the 
exponential distribution in real life data fitting. The data set is as follows: 0.8, 0.8, 1.3, 1.5, 1.8, 1.9 ,1.9, 2.1, 
2.6, 2.7,2.9, 3.1, 3.2, 3.3 ,3.5, 3.6, 4.0, 4.1, 4.2, 4.2,4.3,
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4.3, 4.4, 4.4, 4.6, 4.7, 4.7, 4.8, 4.9, 4.9,5.0, 5.3, 5.5, 5.7, 5.7, 6.1, 6.2, 6.2, 6.2, 6.3,6.7, 6.9, 7.1,
7.1, 7.1, 7.1, 7.4, 7.6, 7.7, 8.0,8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6,9.7, 9.8, 10.7, 10.9,
11.0, 11.0, 11.1, 11.2, 11.2, 11.5,11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.3, 13.6, 13.7, 13.9,14.1,
15.4, 15.4, 17.3, 17.3, 18.1, 18.2, 18.4, 18.9, 19.0,19.9, 20.6, 21.3, 21.4, 21.9, 23.0, 27.0, 31.6,
33.1, 38.5.
Data set 3:

3
The third data set is the records of 72 exceedances of flood peaks (in m /s) of the Wheaton river near Carcross 
in the Yukon Territory, Canada for the years 1958-1984. Choulakian and Stephens (2001) used the data set to 
illustrate the performance of the generalized Pareto distribution. The data set obtained as follows: 1.7, 2.2, 
14.4, 1.1, 0.4, 20.6, 5.3, 0.7, 1.9, 13.0,
12.0, 9.3, 1.4, 18.7, 8.5, 25.5, 11.6, 14.1, 22.1, 1.1, 2.5, 14.4, 1.7, 37.6, 0.6, 2.2, 39.0, 0.3, 15.0,
11.0, 7.3, 22.9, 1.7, 0.1, 1.1, 0.6, 9.0, 1.7, 7.0, 20.1, 0.4, 2.8, 14.1, 9.9, 10.4, 10.7, 30.0, 3.6, 5.6, 30.8, 13.3, 
4.2, 25.5, 3.4, 11.9, 21.5, 27.6, 36.4, 2.7, 64.0, 1.5, 2.5, 27.4, 1.0, 27.1, 20.2, 16.8,
5.3, 9.7, 27.5, 2.5, 27.0.
Statistical results for the three data sets are displayed in Tables 1 - 3. The ranking of the distribution is based 
on the distribution having the least K- S value and the highest p- value.
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Conclusion hazard rate functions were discussed. In other to 

A comparative study on the alpha-power transformed examine the effect of the “α-parameter” on the 

family of distributions has been considered in this lifetime distributions, we obtained the fit of the 

paper. Five classical lifetime distributions which distributions for the three data sets. Empirical 

include; the Weibull, log-logistic, Bur II, power findings based on the data sets revealed that the “α-

Lindley and Gompertz distributions and their parameter” had a negative effect on the Weibull and 

corresponding alpha-power transformed versions log-logistic distributions and a positive effect on the 

were treated as case studies Mathematical properties Bur II, power Lindley and Gompertz distributions.

of the distributions such as the cdf, pdf, survival and 
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MATHEMATICAL MODELING OF FRACTIONAL ORDER 
CORONARY HEART DISEASE 

*
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Abstract

Coronary heart disease progresses when the coronary arteries that supply oxygen to the heart muscle 

develop constricted or congested as a result of the accumulation of plaque, a waxy constituent, inside 

the lining of larger coronary arteries build up, within the arterial wall. A fractional order 

mathematical model of the dynamics of disease is developed in this paper. The epidemic thresholds and 

equilibria for the model are determined and stabilities analyzed. Results from the analysis of the 

reproduction number propose that treatment will somehow contribute to a decrease in disease cases 

and reduction in death rate of the infectivity. This result recommends that, the control of the disease 

should lie more on treatment and public health education. Numerical simulations show the dynamics of 

the transmission of disease. 

Keywords:  Fractional Order, Coronary Heart Disease, Mathematical Modelin
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Conclusion being overweight or obese, drinking alcohol, 

In this paper, a fractional order mathematical high blood pressure, tobacco use denoted by will 

model of the dynamics of disease was developed. contribute to increase in the disease. This result 

The epidemic thresholds and equilibria for the recommends that, the control of the disease 

model are determined and stabilities analyzed. should lie more on public health education. 

Results from the analysis of the basic Numerical simulations show the dynamics of the 

reproduction number propose that the sedentary transmission of disease using the basic 

lifestyle, lack of physical activity, poor diet, reproduction number. 
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BLOCK STORMER-COWELL METHOD FOR SOLVING BRATU 
EQUATIONS

Abstract

This work focuses on the numerical solution of Bratu equations, which is extremely helpful in studying 

nonlinear systems. Block Stormer-Cowell-method (BSM) is proposed for the direct solution of Bratu 

initial and boundary value problems using boundary value techniques. The method is implemented in a 

block-by-block unification version which has unique advantages and is applied without restriction. 

The method is formulated by adopting a collocation and interpolation technique with carefully 

selected points within the integration interval. The stability property of the method revealed A (a)-

stability. The rate of convergence (ROC), efficiency and solution curves are presented separately to 

show the proposed method's consistency, efficiency and accuracy advantages. The results show that 

the method gives accurate solutions and is suitable for Brat equations' direct solution. 

Keywords:  Bratu Equation; Stormer-Cowell-method; Block unification; A (a)-stability.
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